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Abstract 

It is shown that the Foldy-Wouthuysen transformation for relativistic particles in strong external 
fields provides the possibility of obtaining a meaningful classical limit of the relativistic quantum 
mechanics. The full agreement between quantum and classical theories is proved. The coincidence 
of the semiclassical equations of motion of particles and their spins with the corresponding classical 
equations is established. The Niels Bohr's correspondence principle is valid not only in the limit 
of large spin quantum numbers but also for particles with any spin as well as for spinless particles. 
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I. INTRODUCTION 



The Foldy-Wouthuysen (FW) transformation has been proposed in Ref. [1]. Its main 
goals are i) transformation of Dirac Hamiltonians to the block-diagonal (diagonal in two 
spinors) form and it) establishment of connection between the relativistic quantum mechan- 
ics and the classical physics. We utilize the method of the FW transformation for relativistic 
particles in strong external fields developed in Ref. [2]. This method uses the expansion of 
the FW Hamiltonian into a power series in the Planck constant which characterizes the order 
of magnitude of quantum corrections. We present the FW Hamiltonians, quantum mechan- 
ical and semiclassical equations of motion of scalar, spin-1/2, and spin-1 particles and their 
spins in electromagnetic fields and similar equations for spin-1/2 particles in gravitational 
fields and noninertial frames. 

We also discuss the extension of the correspondence principle resulting from the presented 
semiclassical equations. 

The system of units U — c — 1 is used. 

II. METHODS OF FOLDY-WOUTHUYSEN TRANSFORMATION 

The Foldy-Wouthuysen (FW) representation occupies a special place in relativistic quan- 
tum mechanics thank to its unique properties. This representation provides the best pos- 
sibility of obtaining a meaningful classical limit of the relativistic quantum mechanics (see 
Refs. [2, 3] and references therein). 

The advantages of the FW transformation can be formulated as follows. Relations be- 
tween the operators in the FW represent ant ion are similar to those between the respective 
classical quantities. For relativistic particles in external fields, operators have the same form 
as in the nonrelativistic quantum theory. For example, the position operator is r and the 
momentum one is p = —iHW. The transition to the semiclassical description is very simple 
and consists in trivial replacing operators by corresponding classical quantities. For rela- 
tivistic particles, the connection between the square of the wave function and the probability 
of a definite position of a particle is restored: w(r) = \^/(r)\ 2 . 

Initial Hamiltonian for spin-1/2 particles is 

H = (3m + 8 + O, (38 = 8(3, (30 = -0(3. (1) 
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Original method by Foldy and Wouthuysen [1] transforms it to the form 

O 2 O 4 



Hfw = (3\m + 



0,0 



(2) 



2m 8m 3 / 8m 2 ' ' 8m 2 

This is a nonrelativistic transformation with relativistic corrections. The FW transformation 
for relativistic spin-1/2 particles results in [3] 



H FW = (3e + £' + ^! [ 0' 2 ^Y e = Vm 2 + O 2 
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The FW transformation for relativistic particles with arbitrary spin in strong external 
fields has been investigated in Ref. [2]. The FW Hamiltonian can be expanded into the 
power series in the Planck constant, h. Initial equation is 



H = (3M+S + 0, pM = Mp, (38 = 8(3, (30 = -0(3. 



(4) 



The operators M. and 8 are even while the operator O is odd. 

In Ref. [2], the method developed in Ref. [3] has been generalized in order to take into 
account a possible non-commutativity of the operators M. and O. First transformation is 
performed with the transformation operator U defined by 



U 



(3e + (3M-0 jj-i = (3 . (3e + [3M-0 



e = VM 2 + O 2 , (5) 



sj{(3e + (3M- O) 2 ' ^{(3e + (3M-0) 2 

where U' 1 = U ] when H = H ] and U' 1 = U x when H = H % . The latter case takes place 
for spinless and spin-1 particles. The sign "J" denotes the pseudo- Hermit ian conjugate and 
means H) = (31-0(3. For particles with any spin, (3 = a 3 ®I, where cr 3 is the 2x2 Pauli matrix 
and / is the corresponding unit matrix. The used form of the transformation operator allows 
to perform the FW transformation in the general case. 

We consider the general case when external fields are nonstationary. The exact formula 
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for the transformed Hamiltonian has the form 

H' = j3e + £ + {[T, [T, ((3e + F)]] + j3 [O, [O, M}] 

- [O, [O, F\] - [(6 + M), [(e + M), F\] - [(e + M), [M, 0]] (6) 
-0 {0, [(6 + M), ^} + (3 {(e + M), [0, .F]}) ± 

where T = E- ih^ and T = ^/(/?e + (3M - Of. 

Hamiltonian (6) still contains odd terms proportional to the first and higher powers of 
the Planck constant. This Hamiltonian can be presented in the form 

H' = (3e + £' + O', PS' = £'P, PO' = -O'P, (7) 



where e = VM 2 + O 2 . The even and odd parts of Hamiltonian (7) are defined by the 
well-known relations: 

e' = 1 (n' + pwp) - pe, a = \ {W - pn'p) . 

Additional transformations performed according to Refs. [2, 3] bring H' to the block- 
diagonal form. The approximate formula for the final FW Hamiltonian is [2] 

H FW = Pe + £'+- A p\o'\-^. (8) 

Eqs. (6), (8) solve the problem of the FW transformation for relativistic particles of 
arbitrary spin in strong external fields. 

Eq. (6) can be significantly simplified in some special cases. When [.M,0] = and the 
external fields are stationary, it is reduced to 

n' = Pe + £ + ^[T, [T,£\] 
-[0,[0,£]]-[(e + M),[(e + M),£]] (9) 
-P {O, [(e + M),£}} + p {(e + M), [O, £]}) \- 

In this case, [e, M] = [e, O] — and the operator T = y / 2e(e + M.) is even. 

The FW transformations becomes exact, when [M, O] = 0, [0,£] = 0, and the external 
fields are stationary. In this case [2] 

H FW = pe + £, e = VM 2 + O 2 . (10) 



The exact FW transformation can be performed in the general case by the Eriksen method 
[4]. The validity of the Eriksen transformation has been argued by de Vries and Jonker [5]. 
The Eriksen transformation operator has the form [4] 



1 + i(/?A + A/? - 2) 



- 1 / 2 H 



where Ti is the Hamiltonian in the Dirac representation. This operator brings the Dirac 
wave function and the Dirac Hamiltonian to the FW representation in one step. However, 
it is difficult to use the Eriksen method for obtaining an explicit form of the relativistic 
FW Hamiltonian because the general final formula is very cumbersome and contains roots 
of Dirac matrix operators. Therefore, the Eriksen method was not used for relativistic 
particles in external fields. 

Other methods of the FW transformation have been developed in Refs. [6, 7, 8, 9]. 



III. QUANTUM MECHANICAL AND SEMICLASSICAL EQUATIONS OF MO- 
TION OF PARTICLES AND THEIR SPINS 

A. Equations of Motion in Electromagnetic Fields 

FW Hamiltonians have been derived for relativistic scalar particles [2, 10], relativistic 
spin-1/2 particles with electric and magnetic dipole moments [2] in strong electromagnetic 
fields, and relativistic spin-1 particles without electric dipole moments (EDMs) [11] in a 
strong uniform magnetic field. 

In the FW representation, the transition to the semiclassical approximation becomes 
trivial. It consists in replacing operators by corresponding classical quantities. The quantum 
mechanical equations of motion of particles and their spins are given by 

_ = _ [Ww , .]__._ * = P --A, (12) 

- w = l [H FW M, (13) 

where 7r is the kinetic momentum operator and II is the polarization operator. Usual 
definitions of the Dirac matrices are applied. 

The equation of spin-1/2 particle motion in the strong electromagnetic field to within 
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first-order terms in the Planck constant has the form [2] 

eE + /?| {1 ([tt x B] - [B x tt])} + /i'V(n • B) + ^ V(H • JT)| 

-^{1 [V(E-[7rx£])-V(£-[i<;x7r])]} 
^ omc3 [V(S • [77 x E\j — V(S • [E x 7r])] 1 (M) 



~dt 



x ■>,'(,' • m, :1 ) " ~ " " v /2e'(e / + mc 2 ) 



{(n-7r),[V(U r -7r) + V(7r-B)]} 



2 v /2e'(e / + mc 2 ) * ' ^ ' ' y/2e'(e' + mc 2 ) ' 

This equation can be divided into two parts. The first part does not contain the Planck 
constant and describes the quantum equivalent of the Lorentz force. The second part is of 
order of h. This part defines the relativistic expression for the Stern-Gerlach force. Small 
terms proportional to d are omitted. 

The equation of spin motion is given by [2] 

dll 2u' „ /in fmc 2 „ 1 u'c f 1 r „ . „. „ . „ .,1 

'" ,mcS [n x (tt x £) - n x (b x tt)] ; 



h^Je'(e' + mc 2 ) \f e '( e ' + mc2 ) 

, ^ {(£X77),(if -77 + 77 ■£?)} 1 (15) 

ftyteeV + mc 2 ) ^/2e'(e' + mc 2 ) 

+ ^ SXjB rfC {(£ X 7T),(g -77 + 77 -E)} ' 



& ~ ~ l>\ -It'll' ■ „!<■-) ' ^2e'(e' + mc 2 ) 

+ 2l{?' [nx(7rXjB) " nx(jBX7r)] }- 
Eqs. (14), (15) describe strong-field effects. 

For spinless particles, the operator equation of particle motion takes the form [2] 



dir 

~~dt 



eE + ^{|,([irxB]-[flxir])}. (16) 



The right hand side of this equation coincides with the spin-independent part of the 
corresponding equation for spin-1/2 particles. Additional terms in the operator equation of 
particle motion derived in Ref. [10] are of order of h 2 . 

Similar equations have been derived for spin-1 particles in a strong magnetic field. When 
the matrices £ = IS (S is the 3x3 spin matrix) and II = p 3 S acting on the functions 
and x are entered, the operator equations of motion of spin-1 particles and their spins are 
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given by [11] 



d,7V 

lit 



] e 2 %-2 
2m 

c 2 j 2e' + mc 2 
T je /3 (e' + mc 2 ) 2 



e 2 ftc 2 



(H ■ B) {^3 , B x tt} 



n x b 



e'(e' + mc 2 ) 
,{(Bx7r),(n.7r)} 



(17) 



r/II 

"eft" " 

ec(g - 2) 



e(g ~ 2) 
2mc 

(B- W ) f 



ec 

+ 7 



■,£X7T 



(18) 



4m ' ' [ e'(e' + mc 2 ) , 
Eqs. (17) and (18) are derived with allowance for terms up to the first and zero orders in 
the Planck constant, respectively. As a result, Eq. (17) describes the quantum equivalent 
of the Lorentz force and defines the relativistic expression for the Stern-Gerlach force. The 
Stern-Gerlach force is rather weak in the uniform magnetic field because it is of order of B 2 . 

The semiclassical limit of the relativistic quantum mechanics has been investigated in 
Ref. [2]. The expansion into a power series in the Planck constant can be available only if 



pi » h, 



(19) 



where p is the momentum of the particle and / is the characteristic size of the nonuniformity 
region of the external field. This relation is equivalent to 



A < I, 



(20) 



where A is the de Broglie wavelength. Eqs. (19), (20) result from the fact that the Planck 
constant appears in the final Hamiltonian due to commutators between the operators Ai, S, 
and O. 

One needs to average the operators in the quantum mechanical equations. When the FW 
representation is used and relations (19), (20) are valid, the semiclassical transition consists 
in trivial replacing operators with corresponding classical quantities. If the momentum and 
position operators are chosen to be the dynamical variables, relations (19), (20) are equivalent 
to the condition 



< pi > | • | < Xi > | > | < [pi, Xi\ > | = h, i = 1, 2, 3. 



(21) 



The angular brackets which designate averaging in time will be hereinafter omitted. 
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As a result of replacing operators by corresponding classical quantities, the semiclassical 
equations of motion of spin-1/2 particles and their spins take the form 

^ (P-Tr)V(JT-Tr), P S 



e'{e' + mc 2 y ' v n ' S" 

dP , „ „ 2a mc 2 / „ ,,. 2/i'c . „ r 

— = 2//P x H + — (P x H)- — P x TT x £]) 

3 2 

+2o!P x E - J7jjr^~3y(- f> x • -B) + -p^ (-P x [»r x H]) . 

In Eqs. (22), (23), e' = Vm¥ + c 2 7r 2 , P is the polarization vector, s is the spin vector (i.e., 
the average spin), and S is the spin quantum number. 

Similar semiclassical equation of spin motion for spin-1 particles has been derived in Ref. 
[11]. 

For scalar particles 

dTT ec . „. 

at \/m 2 c l + c 2 ^ 2 

Two first terms in right hand sides of Eqs. (22), (24) are the same as in the classical 
expression for the Lorentz force. This is a manifestation of the Niels Bohr's correspondence 
principle. The part of Eq. (23) dependent on the magnetic moment coincides with the 
well-known Thomas-Bargmann-Michel-Telegdi (T-BMT) equation. It is natural because the 
T-BMT equation has been derived without the assumption that the external fields are weak. 
The whole Eq. (23) coincides with the corresponding classical equation derived in Ref. [12]. 
The relativistic formula for the Stern-Gerlach force can be obtained from the Lagrangian 
consistent with the T-BMT equation (see Ref. [13]). The semiclassical and classical formulas 
describing this force also coincide. High-order corrections in ft, to the quantum equations 
of motion of particles and their spins bring a difference between quantum and classical 
approaches. 
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B. Equations of Motion in Gravitational Fields and Noninertial Frames 



The best compliance between the description of spin effects in the classical and quantum 
gravity has been proved in Refs. [14, 15]. In these works, some Hamiltonians in the Dirac 
representation derived in Refs. [16, 17] from the initial covariant Dirac equation have been 
used. The initial Dirac Hamiltonians have been transformed to the FW representation by 
the method elaborated in Ref. [3]. 

The exact transformation of the Dirac equation for the metric 



ds 2 = V\r)(dxy - W\r)(dr ■ r) 



(25) 



to the Hamiltonian form has been carried out by Obukhov [16]: 

i^ = nrl>, H = [3mV + ±{F,cx- P }, 



(26) 



where T = V/W. Hamiltonian (26) covers several cases including a weak Schwarzschild 
field in the isotropic coordinates and a uniformly accelerated frame. 
The relativistic FW Hamiltonian derived in Ref. [14] has the form 



f3m 



£-(0xp)-£.(px</>) + V-0 

4e(e + m) Y 

8m(2e 3 + 2e 2 m + 2em 2 + m 3 ) . 

-(p-V)(p-0) 



8e 5 (e + my 



+1 [S • (/ x p) - S • (p x /) + V-/] - (P -V)(p •/), 



where e = \Jm? + p 2 , 4> = VV, / = VJF. 

The operator equations of momentum and spin motion take the form [14] 

dp . r _ , j3 jm 2 \ (3 jp 2 \ 
2e[e + m) 2e 



and 



~7T = 1 m ^ S x (0 x p) - is x (/ x p) , 

at e(e + m) e 



(27) 



(28) 



(29) 



respectively. 



The semiclassical equations of motion are [14] 

| = - fLf + 5^V(P ■ (* x P) ) - iv(P ■ (/ x p)) (30) 

and 

^ = -T^-,P x(^xp)--Px(/xp) ) (31) 
at e(e + m) e 

respectively. In Eq. (30), two latter terms describe the force dependent on the spin. This 
force is similar to the electromagnetic Stern-Gerlach force and is rather weak. The angular 
velocity of spin rotation is given by 

Tfl i 

n = (<t>xp) + -(fxp). (32) 

e(e + m) e 

We can find similar equations describing a change of the direction of particle momentum, 
n = p/p : 

(J'll TV? T) 

— = uj x n, uj = — (4> x n) + -(/ x n). (33) 
at ep e 

Explicit form of the equation of motion of the three-component spin has been obtained 
by Pomeransky and Khriplovich [13] . The derivation of this equation is based on neglecting 
the relatively weak influence of the spin on a particle's trajectory which results in a weak 
violation of the equivalence principle by the curvature-dependent terms [18]. In this ap- 
proximation, the Pomeransky-Khriplovich equations (PKEs) for the three-component and 
four-component spins agree with the seminal Mathisson-Papapetrou equations for the four- 
component spin [19] (see Ref. [20] and references therein). 

A simple calculation shows [14] that Eqs. (30)-(33) coincide with the corresponding 
classical equations of motion of particles and their spins obtained from the PKEs for given 
metric (25). The gravitational analogue of the Stern-Gerlach force defined by Eq. (30) 
coincides with the corresponding force obtained from the PKEs for the three-component 
spin (see Ref. [20]). 

The FW Hamiltonian and the operators of velocity and acceleration have also been calcu- 
lated for the Dirac particle in the rotating frame [15]. The exact Dirac Hamiltonian derived 
in Ref. [17] has been used. In Ref. [15], perfect agreement between classical and quantum 
approaches has also been established. The operators of velocity and acceleration are equal 
to 



V I — 

v = f3 u> x r, e = ym 2 + p 



-.2 



p X OJ 

w = 2(3 hwx(wxr)=2^xw-wx(wxr). (34) 
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Quantum mechanical formula (34) for the acceleration of the relativistic spin-1/2 particle 
coincides with the classical formula [21] for the sum of the Coriolis and centrifugal accel- 
erations. Obtained results also agree with the corresponding nonrelativistic formulas from 
[17]. 

Quantum equations of motion of Dirac particles and their spins in a gravitational field 
of a rotating body defined by the Lense-Thirring metric being a weak field limit of the Kerr 
metric have been derived in Ref. [22]. The equation of rotation of the spin contains two 
parts. One of them is defined by the static part of the Lense-Thirring (LT) metric and 
is expressed by Eqs. (29) and (31). The second part is proportional to the total angular 
momentum of the source, J = Mcae z , and is defined by the operator of angular velocity of 
the spin precession [22]: 



LT 



G 

c 2 r 3 



3(r-J)r 



-J 



+ g \ (P x 1 ~ 1 x P) 



3G r i 

' ~T\e(e + mc 2 Y 
(r ■ J) 1 



2{I,(J.I)} 



{(px(pxJ)) 1} 



(35) 



The semiclassical formula corresponding to Eq. (35) and describing the motion of average 
spin has the form [22] 



LT 



G 

^-i2 ^3 



3(r ■ J)r 



- J 



3G 



r 3 e(e + mc 2 ) 



2l(J ■ I) + (p x l)(r ■ J) 



+ px (pxJ) 



This equation can also be expressed in the equivalent form [22]: 



G 

c 2 r 3 



3(r-J)r 



-J 



3G 



[l(l-J) + (r-p)(px(rxJ))}. 



(36) 



(37) 



r 5 e(e + mc 2 ) 

The equation of motion of the particle defines the evolution of the contravariant four- 
momentum operator which spatial components (a, 6=1,2, 3) are given by 



P a = g ab p b + g 0a Po- 



In a stationary metric, the evolution of the contravariant momentum operator in the 
weak field approximation is defined by 



pa 



dp a 
~dt 



dp a 



1 

4 



dg° 



,Pi 



dp 

~dt 



■[H F w,p], 



dt 4 \ \ ' dx b J ""J ' dt h 
where F a is the force operator and v a m (3c 2 p a /e c 2 p a /Hfw is the velocity operator. 



(38) 



11 



The force operator caused by the LT effect is equal to [22] 



F — - (curl K x p - p x curl K) + F s , 



(39) 



where 



curl If 
3hG { \ 



2G 



c 3 r 3 



3(r-J)r 



- J 



( hG 



3(r- J)(r-S) 



8 1 e(e + mc 2 ) ' 



2{(J.I),(E.I)} 1 f 

( S '(P Xi )" S, ( iX W)> 



- J £ 
(r ■ J) 1 



r 5 2 1 ' r 5 



{E.(px(pxJ))i}]} 



(40) 



These equations are given without allowance for contributions from V, W. The part of 
operator equations (39) and (40) defining the spin-independent force is in the best compliance 
with the corresponding classical equation [23]. Since the Dirac spin operator is s = h'E/2, 
Eqs. (39) and (40) yield the corresponding semiclassical equation [22]: 



T = ccurlK x p + 



(41) 



T* = -V 



' G 
c 2 r 3 



3(r- J)(r-s) 



J s 



3G 



e(e + mc 2 ) 



2(J-l)(s-l) (s-[pxl])(r-J) ( fl -[px[px J]]) 

c c o 



(42) 



r u r ,j r .j 

The relativistic result (40), (42) for the spin-dependent force perfectly agrees with the 
corresponding nonrelativistic classical formulas previously obtained in Ref. [24] on the basis 
of the Mathisson-Papapetrou equations [19]. 

The presented quantum equations agree with the classical results obtained with the PKEs. 
This follows from the fact that the spin-dependent part of the Hamiltonian has the form 
H a = h(Sl {1) ■ S + Ci {2) ■ II)/2 that perfectly agrees with the general classical Eq. (47) of 
Ref. [13]. 

Thus, the classical and quantum approaches are in full agreement. Purely quantum 
effects are not too important. They consist in appearing some additional terms in the FW 
Hamiltonian. However, the leading corrections are proportional to derivatives of <fi and / 
and are similar to the well-known Darwin term in the electrodynamics. As a result, the 
influence of the additional terms on the motion of particles and their spins in gravitational 
fields can be neglected. In this case, the classical and semiclassical equations of motion of 
particles and their spins coincide. 
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IV. FOLDY-WOUTHUYSEN TRANSFORMATION AND NIELS BOHR'S COR- 
RESPONDENCE PRINCIPLE 

The correspondence principle has been formulated by Niels Bohr [25]. This principle is 
very important because it establishes a connection between classical and quantum physics. 
The correspondence principle states that the behavior of quantum mechanical systems repro- 
duces the classical physics in the limit of large quantum numbers [25] . As follows from this 
statement, the quantum mechanics should generate classical results in the limit of S — > oo 
only. 

The classical limit of the relativistic quantum mechanics can be obtained with averag- 
ing operators (i.e., substituting classical quantities for corresponding operators), neglecting 
commutators, and vanishing the Planck constant. For particles with any spins, the problem 
can be unambiguously solved with the FW transformation because operators in the FW 
representation have the same form as in the nonrelativistic quantum theory. 

When high-order terms in h are omitted, the semiclassical equations of motions of parti- 
cles and their spins coincide with the corresponding classical equations. Since particles with 
spin 0, 1/2, and 1 are considered, one can conclude that the behavior of quantum me- 
chanical systems reproduces the classical physics in the limit of large quantum 
numbers for particles with arbitrary spin. Thus, there is no need for the additional 
restriction S* ^ oo. The Niels Bohr's correspondence principle is valid for particles with 
any spin as well as for spinless particles. This is an evident extension of the correspondence 
principle because the definitions of the spin in the initial quantum mechanical equations and 
classical equations significantly differ. The spin is defined by vector sums of spin matrices 
in the quantum mechanics and the intrinsic angular momentum in the classical physics. 
The form of the spin matrices depends on the spin quantum number S. So, the obtained 
extension of the Niels Bohr's correspondence principle is rather nontrivial. 

V. DISCUSSION AND SUMMARY 

We can conclude that the FW transformation for relativistic particles in strong external 
fields gives the meaningful classical limit of the relativistic quantum mechanics. We have 
established that the semiclassical equations of motion of particles and their spins coincide 
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with the corresponding classical equations. The Niels Bohr's correspondence principle is 
valid not only in the limit of large spin quantum numbers but also for particles with any 
spin as well as for spinless particles. 

To confirm the consistency of classical and quantum equations, we can additionally use 
the results obtained by Pomeransky and Khriplovich [13]. In this work, the quantum La- 
grangians of interaction of arbitrary spin particles with electromagnetic and gravitational 
fields have been derived by the method of scattering amplitudes. The comparison of these 
Lagrangians with the corresponding classical ones shows the coincidence of terms of the 
zeroth and first orders in spin. 
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